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1. Introduction. In [6] J. Krdl defined for each r>0 a function v¢ which for
ze R" and r=o00 gives a measure of the generalized solid angle under which the
boundary 4 of a bounded Borel set C is visible from z. For smooth 4, vf(z) is the
integral over the space of lines A passing through z of the number of points in
AN AN {x:0<|x—z|<r}. This function is used to give geometric conditions
on an open set C which ensure the existence of solutions to the Neumann boundary
value problem in C. In particular, Krdl shows that C has finite perimeter P(C)
(a definition is in [6, 2.8]) if and only if v (z) <o for z ¢ 4.

On the other hand, v¢ is related to the formulas of integral geometry. We show
in 4.5 that there exists an absolute constant y such that if P(C) < oo, then

fk of dH" = yrP(C).

In the present paper we seek to extend the results of Krdl relating the geometry
of the boundary of C with properties of v to analogous propositions concerning
boundaries of k+ 1 dimensional objects in R"*, 0 <k <n. For smooth boundaries 4
the appropriate analogue of v5(z) is the integral V4(z) over the space of / planes
B containing z, k+I/=n, of the k+/—n dimensional Hausdorff measure of
AN B~{z}. We use the slicing theory developed by H. Federer in [3] to extend
V4 to the case where 4 is a k dimensional flat chain 7. (If S is the n current obtained
by integration over C, then 85 is flat; P(C) equals the mass M(9S) of 45, and V%S
=1%. Rectifiable currents are flat.)

In §5 we derive for VT generalizations of the properties of v$ obtained by Kral
in [6, §1,2]. We also obtain an absolute continuity result for 7" which extends
[5, 8.5].

In §6 we show that M(0S) <o if V?5(z) <oo for sufficiently many points z € R".
Combining this with results in §5 we obtain the extension of Krdl’s characterization
of sets of finite perimeter:

M(8S) <o if and only if V3(z)<oo for z ¢ spt 0S. From this we obtain our
characterization of integral currents by recalling from [5, 8.14] that if S is recti-
fiable and M(8S) < oo, then S is an integral current.
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Now suppose S is rectifiable and 0S=T+ U with M(T) <oo. In [3, 2.2] Federer
proved that if the support of U has Hausdorff measure zero in dimension k, then
S is an integral current, thus extending [5, 8.14]. We further extend this in §6 by
showing that S is an integral current if for sufficiently many z € R™,

sptU)yNB~{z} =g

for almost all / planes B containing z.

Finally, we show in §7 that if T is obtained by integration over an oriented k
dimensional submanifold T of class 1 and z € T, then V7(z)<oo for k+/>n, and
also for k+/=n if the tangent spaces of T satisfy a Holder condition. (For k=n—1
such surfaces are the Lyapunov surfaces of classical potential theory.)

2. Preliminaries. The purpose of this section is to fix basic notation and
terminology. We readopt the notation and terminology of [1] and [5].
Fix n>1, and let k<n and /<n be positive integers such that k+/=n. Denote
B=R'Nn{x:xt=.---=x"1=0}~ {0}

and Yg=dx""'** A --- Adx", and orient B so that B> =e,_; .1 A --- Ae,.
The map

f:SO(m)xB—R"xSO (n), f(g b) = (g(b), 8),
embeds SO (n) x B as a proper submanifold ® of R"x SO (n) of dimension m+/,
where m=4n(n—1) is the dimension of SO (n). Defining
p: R*xSO (n) — R", p(x,8) = x,
q: R*xSO (n) —>~SO (n), 4q(x,2 =g,
we observe that ¢~ *{g} N ®=g(B) x{g} and, for 0# x € R",

Fo=p7{x}Nn @ ={(x,g): g7 (x) € B}

is a compact submanifold of ® of dimension m+/—n which is orientable since ®
is orientable.
Fixoe BN S""1=B N {x : |x|=1}. Define

7: SO (n)— S*%,  u(g) = g(o).

Set I=SO (n) N {g : g(0)=0}; I has dimension p=34(m—1)(n—2). Assign a bi-
invariant metric to SO (n) so that 74(g) is an orthogonal projection for g € SO (n).
Orient SO (n) and denote by w the unit positively oriented m form on SO (n).
e € SO (n) is the identity map of R".

Denote

F=80(@mn{g:g (o)eB} =q(F) =="(B)",

aud observe that if 05 x =|x| g,(0), then
F, = {x}xgF);
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in particular, F, is connected for /> 1. Furthermore,

H™'"YF,) = H'"”'”(F) = HH(I)HI—I(SI—I)
n-1
= [ I ia(i)]la(l).
i=2
Whenever z € R" define r,(y)=|z—y| for each y € R"; set ro=r. We also define
p: R* ~ {2} - S* 1, pAx) = (x—z)/lx—zl;
set po=p.

R"x SO (n) acts on R" as the group of orientation preserving isometries of R"
through association of (z, g) € R"x SO (n) with the isometry, also denoted by
(z, g), which maps x to z+g(x). If T € E,(R"), we denote

(2, 04T = z+g4T.
Ifve Ap (R, we A\ (RY), sv A*w#0, w € A¥ (R"), L€ A (R"), define
vNw= (=D A *w| T (0 A *¥w) € Arsi-n (RY)
and
wN{= (=1 o A %), t=(k+D(n+1).

Recalling the integralgeometric constants y(n, k, /) and y%(n, k, I) defined in
[1, 2.13], we also define

8(n, k, 1) = y2(n—1, k, I— 1)k +1—n)lel)(2k +1—n)~ .

Let X be an open subset of R". F,(X) is the closure of N, (X) in E,(X) with
respect to the flat seminorm F [4, 4.1.12], which is complete relative to F. Elements
of F,(X) are called k dimensional flat chains. Rectifiable currents are clearly flat;
consequently, since the restriction of H"™ to a bounded, open subset of R" corre-
sponds to a rectifiable n current, the restriction of H" to a bounded Borel subset
of R" corresponds to a flat n current. Finally, we let

F(X)
be the subset of D,(X) consisting of all T such that
T A yeF(X) forevery ye D°(U).

Suppose z € R* and consider T € E,(R"). We shall denote by T, € D,(R"~{z})
the restriction of T to D*(R"~{z}). We recall from [4, 4.1.21] that if T € F,(R")
and M(T) <oo, then M(T,)=||T|(R*~{z})=M(T).

3. Lifts of currents. Let I act to the left on F by means of left translation.
Since I is connected, this action will preserve an orientation of F. Since F==~(B) "1,

T(F) = myle) ' [T(B N S"~H];
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thus, if 0#we Apsion [T«F)], and ve A, [TASO (n))] is such that mx(e)(v)
=e;A--- Ne,_;, then v Aw#0. Choose w so that (v Aw, w(e))> >0, and for />1
orient F so that w is positively oriented. If /=1, then F has two components. Let
o € SO (n) be such that o(e;)=e, for j<n—1, and o(e,)= —e; for j=n—1, n. Right
translation by ¢ leaves F invariant and permutes the components of F; orient F
so that w is positively oriented, and so that right translation by o reverses
orientation.

3.1. LeMMA. @ is the bundle space of a fibre bundle # with fibre F, structure
group I, projection p|® and base space R ~{0}.

Proof. Let U be an open subset of R*~{0} such that on U,={x/|x| : xe U}
there is a cross-section oy: U; — SO (n) for =. Define a coordinate function
pu: UxF— ® by

pulx, g) = (x, oU(x/le)g);

it is easy to verify that the set of ¢, provides ® with the desired bundle structure.
3.2. REMARKS. One proceeds as in [1, §3] to define the lifting map

La: E{(R* ~ {0) N {T : M(T) < o0} — E(®).

Inasmuch as H™*!~"(F)+# 1, suitable modifications must be made in the assertions
of [1, §3] concerning the properties of Lg.

Furthermore, [1, 3.5] can be used to show that if U is an open subset of R™~ {0}
having compact closure, then there exists ¢ such that F[Lg(T)]<cF(T) whenever
T € E,(U) and M(T) < c0. One uses this and the F completeness of F,(®) to extend
Lg to an F continuous linear map of F,(R"~{0}) into F,(®); it is clear that
[1, 3.3] remains valid. Moreover, since 0 is F continuous, it follows from [1, 3.5(4)]
that 0o Lg=Lg o 0.

Whenever y € SO (n) we define

vo: © — R"x SO (n), Yo(x, 8) = (¥(x), v8)-

Yo is an isometry of ® onto @, and it is easy to verify that y, induces a bundle
map of #Z onto %, hence we conclude from [1, 3.3 and 3.5(2)] that if T € E,(R" ~{0})
and M(T) <o, then

volLa#(T)] = Lalyy(T)),  vo#[La(T)~] = Laly(T)]".

In case /=1 we define

Z: ® - R*x SO (n), 2(x, g) = (x, go).

Y is an isometry of ® onto ®. Suppose T € E,(R"~{0}), M(T)<o, and spt T
lies in a coordinate neighborhood U with associated coordinate function
pu: Ux F— @ defined as in the proof of 3.1. Observing that X o oy =¢y o (e X 0)
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and Lg(T)=¢y(Tx F) by [1, 3.3], we use [1, 3.3] in conjunction with a suitable
partition of unity to conclude that for T with arbitrary support,

ZyLa(T)] = —La(T),  ZyLa(T)]” = —La(T)".

3.3 DerINITION. For (x, g) € @, «x, g) is the linear right inverse of p|Pu(x, g)
whose range is orthogonal to T, 4 (F,).
Let v be a k vectorfield on R™. v’ is the function on ® such that

v(x, 8) =[x, &(x)]| =1
3.4. LeMMA. Suppose T € E,(R"~{0}), M(T) < co.
(i) If h is a bounded Baire function on ®, then
LoD = [ [ e 3 =7x, | T
(ii) If ¢ is a bounded Baire k +1—n form on ®, then
(= D'[La(T) A qtw)(h)

- f (IR T=(x) A ggeB1, 0), (x, ™" (x, £)lx|'~"d | La(T)|(x, ),
where t=(k+I1—n)(m+I1+1).

Proof. Using [1, 3.6(2)] and a suitable partition of unity we see that we can
assume spt T to lie in a coordinate neighborhood U with associated coordinate
function ¢y: Ux F — @ defined as in the proof of 3.1. From [1, 3.5(5)] we infer
that, for |Lg(T)| almost all (x, g) € D,

M La(T)"(x, 8) = v'"(x, )ux, OIT~(X)] A FZ(x, 2).

(i) Denoting the right member of our conclusion by A(h), we see that A=
@u#(|T| % | F|). On the other hand, (1) implies that

La(T)(x,8) = " oud(T~,0) A Fx, 8)
for |Lg(T)| almost all (x, g) € ®, hence by [1, 3.3 and 3.1},
vILg(T) = v"pup(Tx F) = " @up(T~,0) A F ] = La(T)"A.
(ii) We must show that for |Lg(T)| almost all (x, g) € D,
(=DXLa(T)™, gtw A $)(x,8)
= {(*[*T~(x) A gs*B"], 0), ¥(x, &)™ (x, g)|x|'~™

From [1, 3.5] it follows that for |Lg(T)| almost all (x, g) € @,
©) IL&(T)~(x, @) = [T~ =1,

hence we can use the maps y, (and Z for /=1) which were introduced in 3.2 to
infer that we need only verify (2) for (x, g) such that x=|x|o, g«(B)=B, and (1)
and (3) hold.

2
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We compute i=:(x, g) as follows: Choose the cross-section o, used in defining
@y so that

oyu(0) = transpose mu(e).
Define I on SO (n) by I(y)=y 1. Since F,={x}x F={x}x =~(B)~!, we have
Tix.0(Fx) = {0} @ (g~ H[T,-:[= =1 (B)]]
= {0} @ Iy(g™") o Ly-1y(e)[ T.[7 X (B)]]
= {0} @ Ryp()[T[=~*(B)]].
On the other hand, it is easy to verify that for 1 <j<n—|,
v; = (ejs |X| _1Rg#(‘-’)"v#(0)(ef)) = ‘PU#(x’ g)(eja 0);
v; is clearly orthogonal to T, ,(F,), hence
i(e;) = vy, lsjsn-1L
Finally, since T(.,,(q~*{g} N ®)=(B v {0}) ® {0},
i(e)) = (e;,0) for n—I+1=j=< n.
We next observe that
o =T7(x)=(=1)¥"+DxB~> A *[+T(x) A *B~]
has the property *a« A *B~ =0, hence use (1) to conclude
<LQ(T)_’(X’ g)’ q#‘” A ‘ﬁ(x, g)>
= "7 (x, gK[(= ¥+ Vi(xB~) A (*[*T~(x) A *B~], 0)+i(x)] A F2(x, 8),
g*o A P(x, g)>
= (— Do DRGRRE T (r, g i(xB) A FF(, 8), gholx, £))
x{(x[*T~(x) A *B~], 0), ¥(x, 2)>-
Finally,

Ki(*xB™) A F(x, g), qtal(x, 8))
= {gux, gi(*B)] A F~(g), w(g)>
= (=)™ Vx[' " Rople)oyp(o)(es A -+ A en_i) A F7(g), w(g))
= (= D)+ Dx['"oygo)er A --+ A ex1) A F7(e), w(e)>

= (= 1) +D|x|t-m,

whence follows (2).

3.5. DEFINITIONS. Orient R"x SO (n) so that p#(dx* A - - - Adx™) Aq*w is posi-
tively oriented.

Let Q=(0, SO (n)™).
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Let P: SO (n)x B— B be the projection. Referring to the basis of T, ,(®)
constructed in the proof of 3.4 for x=|x|o, g«B= B, one infers that the intersection
of T, q(®) with the orthogonal complement V., ,, of T, ,,[g(B)*x{g}] in R* ® {0}
is {0}. It follows from 3.2 that this remains true for arbitrary (x, g) € ®. There
therefore exists

¥ € E'[(R" ~ {0}) x SO (n)]
such that
JHY) = PH(s)
and, for (x, g) € D,
o Aw¥(x,g))=0
whenever v € V. q and we A;_; (Tr,,,[R" % SO (n)]).
3.6. LEMMA. Let ¢ be a k form on R" and (x, g) € ©. If

ve N\ (Tunlg®x{g,
then
(=)=, p#x(xp A g~ #xdp))(x, £)>
= <v A Qx, 8), *[(p**p) A (¥ A gtw)](x, g)).

Proof. One uses [1, 4.2(2)] to verify that the left member of our assertion is
equal to

(=1D)m*=o A Q(x, g), #p#(xp A g~ Fxf)(x, 8)).

In order to complete the proof we need only compute

s = {w, (p7g ™ xp)(x, 8))

for we An-i [Tix,(R*x{g})]. Denote by i the transpose of py(x, g) and by w,
the orthogonal projection of i[«p4(x, g)(w)] on T, ,,[g(B) x{g}]. Then, identifying
g(B) x{g} with g(B) and setting y=g~'(x), we have

S8 )0, gz *(wo)) = wo
and by [1, 4.2(1)],

(—1)=Ds = (ggz xpy(x, )W), ¥5)
= <g;§ Y(wo), ¢8>
= (Py(g, )f1(8& ¥)~*(Wo), ¥
= {wo, ¥(x, g))
= i[*px, )W)}, ¥(x, g)>
= (i[xpy(x, JW)] A Q(x, ), (¥ A gtw)(x, 8)>
= Cxw, (¥ A gto)(x, 8))
= (= D™D, (¥ A gfw)(x, g)).
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4. Plane intersections of currents. If S e F(®) and j=m, then for H™ almost
all g e SO (n),

<S, qI(D9 g> € F!-m(q))

is the slice of S by q|® over g as characterized in [4, §4.3].
4.1. DErFINITION. Suppose T € F (R"~{z}). Whenever

<LQ(_Z+T)3 q|(D9 g€ Fk+l—n(d))
we define
T N (z+g4B) = (= Dz+pKLa(—2z+T), q|D, &),

where t=(k+I!—n)(m+1+1)+(k+1)(n+1).

4.2. THEOREM. (1) If T N (z+ g4B) exists, then

spt [T N (z+g#B)] < (spt T) N (z+gB).

(2) If U is an open subset of R ~{z} having compact closure in R" ~{z}, then there

exists ¢ < oo such that whenever T € F,(U),

f FIT N (z+g,B)ldH"g < cF(T).
SO(n)

(3) If M(T) <o, then for H™ almost all g € SO (n) the following are true:
(i) M[T N (z+guB)] <oo.
(ii) For |T N (z+g4B)| almost all x € R,

(TN (z+8g4B)]"(x) = T7(x) N gyB™~.

(iii) If T is an oriented proper submanifold of class 1, then T N\ (z+gB)=A U Z
where A is an orientable, proper k +1—n submanifold of class 1 and H**'~%(Z)=0;
if A is oriented according to (ii), then A=T N (z+guB).

(4) Whenever ¢ € E(R"), iSk+1—n, and T N (z+g4B) exists, then so does

(T A @) N (z+g4B) = [T N (z+8g4B)] A 9.
(5) If k+1>n and T N (z+guB) exists, then
O[T N (z+gB)] = (—1)*'0T N (z+g4B).

Furthermore, if T is normal, then T N (z+ gyB) is normal for H™ almost all g € SO (n).

Proof. (1) follows from [1, 3.5(3)] and [4, 4.3.1].

(2) follows from 3.2, [4, 4.3.1 and 4.3.2(5)].

(3)(i) follows from [1, 3.5(2)] and [4, 4.3.2(2)].

(3)(ii) follows from 3.4(ii) and [4, 4.3.2(1) and (2)].

(3)(iii) follows from the coarea formula [4, 3.2.12], [1, 3.5(6)], [4, 4.3.8] and (ii).
(4) follows from [4, 4.3.1] and the second statement of [1, 3.6(2)].

(5) follows from 3.2, [4, 4.3.1] and (3)(i).
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4.3. REMARK. 4.2(2) and (3) and [4, 4.1.23] show that the intersections 7' N
(z+g4B) are intrinsically determined by the action of SO (n) on R". In particular,
if w, ze R" and h € SO (n), then

w+h)[T N (z+g4B)] = (w+hsT) N [w+h(z) + hgyB]

for H™ almost all g € SO (n).

That our intersections are usually the same as those defined in [1, §4] will follow
in §5.

Suppose z € R™ and consider T € F,(R"). Let % be a partition of unity subordinate
to a locally finite open cover of R"~{z}. Then for H™ almost all g € SO (n),

(T A u) N (z+g4B) € Fiy i o(R")
for each u € % ; for such g we define

TN (z+g4B) = 2 (T A w0 (z+gB) € Fii_oR* ~ {2)).
ueyY
One uses 4.2(4) to verify that this definition does not depend on the choice of %,
and that if z ¢ spt T, then the definition reduces to the one in 4.1. With appropriate
modifications the assertions of 4.2 hold for T.
4.4. DerINITION. If T e F(R"™) and z € R*, then

VT(z) = H*(I)™! fsom) M[T N (z+g4B)] dH™g.

If k=n—1, /=1 and S corresponds to the restriction of H" to a bounded Borel
set C, then 3V?5 coincides with the function v$, introduced in [6].

4.5. REMARK. If T is a rectifiable k current, then it follows from [5, 8.16],
4.2(3)(iii) and [1, 5.8 and 5.9] that for r>0and T, , =T N {x : |x—z| <r},

L Va2 dH"z = yln, k, Dal)r M(T).

If S is the n current corresponding to the restriction of H™ to a bounded open set C,
and if M(8S)=P(C)<oo, then S is rectifiable, hence oS is rectifiable by [5, 8.14].
If I=1, then 1V©®::(z) is equal to vE(z) as defined in [6], whence follows the
integralgeometric formula mentioned in §1.

5. Integralgeometric formulas. Whenever 0#x € R" define
I, =80 () n{g: g(x) = x}

and choose g, so that x=|x|g.(0). Since

I, = gJlgz',  H'(I) = H(I) = H*"}(S""1)"*H™[SO (n)].
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5.1. LeMMA. Suppose T € E,(R"), M(T)< 0, ¢ is a bounded Baire k form with
support in R"~{0}, and h is the bounded Baire function on ® such that

h(x, ) = (RT(x) A ggeB~, %g(x) A g~ Fahs).
Then
HY ) f j h(x, g) dH"g d|[T|x

R" Ixgx

= }’2(’1—1, k’ - I)T(‘P) for P =f;)p#(P0’
— =1, k—=1,I=)T(p) for ¢ = (fiphpy) A dr,k+1 > n.

Proof. Suppose ¢=f,p?p, and |T~(x)|=1. Observing that we can assume
T~ (x) to lie in the orthogonal complement X of Rx, we apply [1, 6.2, 9.3 and 2.13]
to obtain

HY(I)~ f h(x, ggx) dHg = y*(n—1, k, [— 1T~ (x), o(x)).

Now suppose p=(f1p*p,) Adr and |T~(x)|=1. Observing that we can assume
T~(x)=u A x, where u lies in X, we again apply [1, 6.2] in X to obtain our conclu-
sion.

5.2. LEMMA. Suppose h is a bounded Baire function on © such that if g, € SO (n)
and g.uB= B, then h(x, ggo,)=h(x, g) for (x, g) € ®. Then

led) f | Hex,g) dg = [ hx g a9

Proof. First observe that

B [ Heey) dHmr) = [ b g dHmn s, ) g,

=f f h(x, gy) dH"g dH™1-"(x, 7).
Fy JI1x

Fix (x, y) € F, and denote y~*(x)=y € B. Choose g, so that g,(»)=|y|0, gosB=B,
and set g, =ygq *. Then for some g, € I, we have g,=g1 ‘g and

L h(x, gy) dH*g = f h(x, ggLgo) dH"g

~ [ Hxggyanrg = [ hx ) ame.
I I9x

5.3. THEOREM. If T € F,(R") and ¢ € E,(R" ~{z}), then
HY D) j T O (z+g4B)ri'p N g~ ) dH™g
80(n)

= le(l)’(n—1,k,1-1D)T(p)  for ¢ = forkwo
= le(y*(n—1,k—=1,1-DT(p) for ¢ = (fiplps) A dr,, k+1> n.
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Proof. With the assistance of 4.2(2) we see that we can assume that z=0,
0¢spt T, and M(T)<oo. Referring to 3.5 we let E be the k+/—n form on R"
x SO (n) such that whenever

ve A [Ten(R SO ()],

(=)= =2v, E(x, g)) = v A Q(x, 8), x[(p**¢) A *(¥ A gtw)l(x, g)>.

Suppose p=/fop*p,. We apply 5.1, 5.2, 3.4(i), 3.6, 3.4(ii), [4, 4.3.2(1)], 3.6 and
[1, 2.5] to verify that

H™* =Y F)y*n—1, k, I=1)T(p)

- f (HIRT=() A ggB~1,0), E(x, 0" (x, g) d | La(T)|(x, &)

= (—=1)Lg(T) A gtw(r"~'opE

= (=1 f (La(T), ¢, g>(r"~" o pE) dH™g
SO(n)
= (- 1)(k+l)(n+1)f T O guB[r"~'%(xp A g~#xp;)] dH™g
S0(n)

= [ T 0 g ) dHmg.
SO(n)
The proof for ¢p=(f,p*p;) Adr is analogous.
5.4. LemMA. (1) If z € R, then
T, = pLEX(S™ 1] U pEE*~H(S™" Y] A dr,

spans E*(R"~{z}) over E°(R™~ {z}).
(2) If zy,. . ., 241 € R™ determine a k-plane 11, then

k+1
= U AENS™ ]
spans E¥(R"~1I) over E°(R " ~II).

Proof. (1) It is clear that for each z#x € R™, 2 (x) spans A* (R"). Thus choose
$,eZ,, i=1,...,v=(}), such that $;(x),..., $,(x) is a basis of A¥(R"). Then
¥1(»), . . ., ¥(p) are linearly independent for y in some neighborhood N of x,
hence ¥ |N, ..., $,|N span E¥(N) over E°(N), and our conclusion follows with
use of a suitable partition of unity.

(2) Fix xe R*~1I1. Then A’ (R") is spanned by X(x). In fact, if this were not
true there would exist 0#£w e A, (R") such that fori=1,...,k+1,

W, pzflEM(S™D)x)> = {0},

or equivalently, p,4(x)(w)=0. But for each i,

dim ker [pz,#(x) [ /k\ (R")] = (Z:i),
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hence we would have w=(x—z) A w;, and the linear independence of the (x—z,),
i=1,...,k+1, would allow us to conclude that

w=alx—z) A+ A (x—2z)¢ker p,, , #(x).

Proceeding as in (1) we conclude that for some neighborhood N of x, Z|N spans
E¥(N) over E°(N), and our conclusion follows with use of a suitable partition of
unity.

5.5. DErINITION. If z € R", then D*(z) is the linear subspace of D*(R"~{z})
consisting of sums of the form 3., fpte; with f; € DY(R"~{z})=D°z) and
@, € D(S™1).

5.6. LeMMA. If T e F(R") and M(T)< o0, then
HOVIO) = il) [ | [sT7C) & ggeB~ x|~ dH*g d|Tx.
Proof. Choosing f; € D°(0), i=1,2,...,such that 0<f,<f,<--- and
il_i.rg fip) =1 for y #0,
we apply 4.4, 4.1, [4, 4.3.2(2)], 3.4(ii), 3.4(i) and 5.2 to obtain
HYDV™i(0) = M[La(T A f) A q*w]
= [ T A grB= 1 DIxI - dLa(T A DI, )
= teth) [ [ 1T ) A g8l dtglxI i) dIT .
Consequently, we infer from 4.2(4) that

) [ TG A gl dglx| - d] T
"~ (0} JIxgx

H*(I) lim VTA%(0)
i—

[\

f lim inf M[(TNguB) A fildH™g
SO(n)

is
= M(T N gyB)dH™g
So(n)
= HYD)V7(0),
which implies our assertion for the case ¥'7(0)=c0. On the other hand, if V'7(0) <o,
then

BV = [ MUT 0 g48) A f dH"g

= [ 1mn B drme,
S0(n)

hence
‘lim VTA0) = VT(0),

which implies our assertion for such 7.
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5.7. LEeMMA. Suppose r+s=<n,ve A, (R"), and we A, (R").
(1) If r#n/2 or s#n/2, then

H(SO ()l n=r.n=9)ol w < ("T°) [ 1 & gowl dh7s.

If v or w is simple, then this is true for arbitrary r and s, and the factor ("t°) can be
omitted.

%) [ 1o A gl dHmg < H(5O )byt n =1, n=9)lo] ||
SOo(n)

If v and w are simple, then equality holds. If v is not simple and the smallest linear
subspace L of R" containing v has dimension A<r+s+ 1, or if an analogous condition
holds for w, then the inequality is strict.

Proof. (1) Consider ¢ € A" (R™) and ¢ € A® (R") such that || <1 and || = 1.
Then by [1, 6.2 and 9.3]

r+

HISO ()} n=r, n=5)o, 9300, > 5 () [ o n gyl aing

if r#n/2 or s#n/2, whence follows the first statement. If w is simple, let ¢ be the
metric dual of w/|w|. Then {w, ¢)>=|w| and

H™SO (), n—r, n—s)v, gd|w| < fso( I A gyl di"g.
n

(2) If v and w are simple, equality follows from [1, 5.6 and 5.9]. On the other
hand, suppose v is not simple and use [5, 2.2] to obtain simple r vectors o, . . ., oy
and simple s vectors B, .. ., By such that «; and «, are linearly independent,

M M
o=@ ol = 2 |al
i=1 i=1

and

w = ‘=Z1 Bi» Iwll = 121 |8yl

Inasmuch as

N M
f lo A ggw| dH™g < > > J lew A g48;| dH™g
S0(n) j=1 i=1 JSO(n)

= H™[SO (m)ly(n, n—r, n—s) ; 1_21 loa] B4l
= H™[SOm)ly(n, n—r, n—s)|v| |w],

the remainder of (2) will follow if we can find a simple s vector B#0 such that

™ [(es+ez) A B < ax A Bl+]|ea A B
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First assume r+s=n. Corresponding to j=1, 2 let P; be the subset of
W= A (R"Y)N{B: Bissimple and |B| = 1}
s
consisting of B for which «; A B is positively oriented, Q;= —P;, and R,;=W
~(P; U Q;). Then P; and Q; are open in W, R; has no interior, and R; is the boun-
dary of P; and of Q;. Further, R; # R,. In fact, if A4; is the r dimensional linear

subspace of R" containing «;, C; is the orthogonal complement of 4; N A, in A4,,
and D is the orthogonal complement of 4, + A4, in R", then

dim (D+C)) =s.
If0#B, € A (D+C,), then
alAﬁo=0, a2/\,30¢0.

Therefore, P, N Q,# @ ; any Be P, N Q, will satisfy (*).
In case A<r+s we apply the result of the last paragraph with R" replaced by L
to obtain a simple B, € A .-, (L) such that

[(er4a2) A Boll = [(e1+ax) A Bo| < |ay A Bo|+]ag A Bol.

Thus if B, #0 is a simple r+5— A vector lying in the orthogonal complement of L,

B=B, A B, will satisfy (*).
In case A=r+s+1 we choose B, as above, choose a simple s vector 8 and B, e L
such that B,=8 A B,, and conclude that

(s +ea) A Bl = [(ex+az) A Bl < |ay A Bl +]ea A B
5.8. EXAMPLE. Let n=6, r=3, s=1, and
v=14[e; Aes Aestes Aes A el
One uses a procedure similar to the one used on [7, p. 54] to show that
o] = %les A es A es|+3|es A es A es| = L.

Let w, be a linear combination of e,, e,, e;, and w, be a linear combination of e,,
es, eg such that |w,|=|wy|=1. Then if w=aw,+Bw,, one uses the fact that
ey A es+e3 Aey]| =2 to verify that

lo A w| =3(e|+|B]) = %les A es A es A w+3|es A es A es A W|;
consequently,
[ o A gowi] db*og = HI30 ©6,3, 5).
S0(6)

5.9. THEOREM. Assume T € F,(R") and z € R™.

4)) 8n, k, DM(T, A ri™™) £ VT(2) £ le()M(T, A ri~™).
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Consequently,
VT(z) £ le()M(T)[dist (z, spt T)}'~ ",
8(n, k, DM(T,) = V¥(z)sup{|x—z| : xespt T}*~1.

(2) Suppose r>0 and T lies in the image of E,(z+rS™ ') under the map induced
by the inclusion of z+rS"~! in R". Then

la(l)y*(n—1, k, I— D)r=*"M(T) < V7(2) < l()y(n—1, k, I— )r'="M(T).

Suppose M(T)<oo. The second inequality becomes equality when T~ is simple. If
for x in a set of positive |T|| measure it is true that T~(x) is not simple and the
smallest linear subspace of R" containing *T~(x) has dimension not greater than
2n—k—1+1, then the second inequality is strict.

(3) Suppose I=n—k and T is rectifiable with k dimensional density ®%. Then

VT(z)=(n—k)a(n—k)y(n—-l,k,n—k—l)fn_l S 0% dH .

oy 6}

(4) Suppose |=n—k and M(T)<c. Whenever z#x € R" and |T~(x)|=1 let
7(x) be the orthogonal projection of T(x) on T,(z+ |x—z|S™~). Define

y«(X) = H“(I)"||T(x)||"f IT=(x) A g8x-4B~| dH"g

x -2

whenever | T~(x)|| =1. Then
(n—k)e(n—k)y¥(n—1, k,n—k—1) sup {T(r; *p) : ¢ € D(z), M(p) < 1}

= V7(2) = (n—k)a(n—k) sup {T(y.r; *p) : p € D*(z), M(p) < 1}

S (n—k)e(n—k)yy(n—1, k,n—k—1) sup {T(r; *p) : ¢ € D*(z), M(p) < 1}.
The second inequality becomes equality if p.u[T~(x)] is simple for |T| almost all
x € R"~{z}, in which case

Y. =y(n—1,k,n—k-1).
(5) If I=n—k, M(T) <00, and y,(x) is a continuous function of z for | T| almost

all x, then VT is lower semicontinuous.

Proof. We can assume z=0. Choose f, € D°(0), i=1,2,..., such that 0=f,
<f2=---=£1 and whenever K is a compact subset of R"~{0} there exists i for
which f;|K=1.

If M(T)< oo, then the second inequality of (1) follows from 5.6. In general, we
use 4.2(4) to infer that

Y7(0) < lim inf VTM(0)
{—

< I(l) liI‘n inf M(T, A fi A P77

< le()M(T, A ri-").
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Since 8(n, k, n—k)=0, we assume k +/>n. Fix ¢ € E¥(R" ~{0}) such that M(¢) =<1,
and use 5.4 to write p=¢, +¢p; Where ¢, € D¥(0) and ¢, € D¥~1(0) A dr. Noting
that M(p,) <1 and M(p,) <1, we obtain from 5.3

le(YHHD)T(r ") = y2n—1, k, [—1)~* f T O g4Blg: N g~ #y) dH™g

+y2(n—1,k—1,1—l)-1ang#B(qazng-%)dH'"g
< la(l)S(n, k, )~ H*(I)V7(0).

(2) follows from 5.6 together with 5.7 with R" replaced by T.(rS™~?).
Suppose /=n—k. Consider 0# x € R". Inasmuch as

T~(x) A geB™ = 7(X) A g«B™
for ge I.g., 5.7 implies that
*) yn—1,k,n—k—1) £ yo(x) £ y(n—1,k,n—k—1),
with the second inequality becoming equality if 7(x) is simple. Moreover,
x| #7(x) = pu)[T (¥},
and if T is rectifiable we infer from 5.6 and [5, 8.16] that
V7(0) = (1=Kyatn—Kyyn =1, k,n=k=1) [ |x|"4{+(0)] T

R~ (0}

**)
= (1= Raln—kn =1, ks n—k=1) [ [T~ (]| 04Cx)

A
where A is the union of a countable family of proper k dimensional submanifolds
of class 1 of R™ and T ~(x) is tangent to one of these submanifolds for |T'|| almost

all x. (3) now follows from application of the area formula [4, 3.2.3] to p|A4.
We next observe that

sup (T(r~*¢) : p € DX0), M(p) < 1}

= sup{ [ r, 9> dIT] : o DHO), M) = 1}

sup { f =+, gy d|T| : % € DR ~ (O)), M(J) < 1}

[r¥1el ai,

and similarly,

[r 570l dIT1 = sup (TGror~45) : 9 DHO), M) < 1.

(4) now follows from 5.6 and (*).
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In order to prove (5) it suffices to prove lower semicontinuity at 0. We can assume

V'T(0)>0. Fix 0<e< VT(0) and choose ¢ € D¥(0) with

e < (n—k)e(n—k)T(yor *@) £ VT(0).
Inasmuch as ¢, =(—y, e)?p € D*(y) for y € R",

lim ,(x)r, “X)py(x) = yolX)r = “(x)p(x)
for |T| almost all xe R", and |y,r; “e,|| < M(r~%p), we can use Lebesgue’s
dominated convergence theorem to conclude that

lim inf ¥7(y) 2 lim inf (2= K)a(n— ) T(ryr )

= (n=K)a(n—k)T(yor*p) > e,

whence
lim inf V7(y) 2 V7(0).
y—0

5.10. REMARK. Suppose S is the restriction of H" to a bounded Borel set C and
@o is the unit n—1 form on S™~! such that dr A ¢, is positively oriented. Then for
h € D°(z), 8S(hptp,) is the double layer potential W,,(z) considered by Kral in [6].
In this case 5.3 (with T=0S) reduces to the formula derived in [6, 2.5]. Further-
more, if M(8S)=P(C)<oo, then 5.9(4) reduces to the formula given for v5
in [6, 1.6].

5.11. CorOLLARY. Consider T € F,(R").

(1) If there exist zy, ..., z; .o € R® which do not lie on a k-plane, such that for
i=1,..., k+2,

(sptT) N (z;+gB) = @
for H™ almost all g € SO (n), then
T=0.

(2) If k+1>n and there exists z € R" such that for H™ almost all g € SO (n),
(spt T) N (z+gB)

has measure O with respect to k+I1—n dimensional integralgeometric measure in
z+g(B) (in particular, if this set is @), then T=0.

Proof. Consider (1) and assume /=n—k. By 4.2(1), V7(z;)=0for i=1,..., k+2.
Let I, denote the k-plane containing {z,, : k#j}, and fix ¢ € D¥(R"~ II,). Recalling
5.4(2) and applying 5.3 we conclude that T(¢)=0. Inasmuch as

UR ~T,:j=1,...,k+2} = R",

the proof is complete.
Consider (2). From [4, 4.1.20] it follows that T N (z+gxB)=0 for H™ almost
all g € SO (n), hence V'7(z) =0, and therefore T=0 by 5.9(1).
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5.12. CoroLLARY. Suppose T € F,(R"), A<R", and the hypothesis of either
5.10(1) or (2) is satisfied with “spt T” replaced by “(spt T) N A”".

(1) If A is open, then spt TS R"~ A.

(2) If A is a Borel set and M(T)< o, then |T|(4)=0.

Proof. One argues as in the proof of [4, 4.1.21], using 5.11 in place of [4, 4.1.20].

5.13. REMARK. Theorem 6.6 in [1] is erroneous. However, the following is
true:

Let X, G and ¥ be as in [1, §6]). Consider S € N(X) and T € N(X).

(1) If k>n/2 or I>n/[2, then

(Zn—k—

. ’) ", k, DM(S)M(T) < L M(S N g,T) d¥g.

If S~ or T~ is simple, then this is true for arbitrary k and I, and the factor (*"; %!
can be omitted

Q) fc M(S A gT) d¥g < v(n, k, DM(S)M(T).

If S~ and T~ are simple, then equality holds. If for x in a set of positive ||S | measure,
S~(x) is not simple and the smallest linear subspace of T.(X) containing =S ~(x)
has dimension not greater than 2n—k—1+1, or if an analogous condition holds for
T, then the inequality is strict.

These statements follow from use of 5.7 in conjunction with [1, 5.5].

5.14. REMARK. We will now examine the relationship between the intersections
defined in 4.1 and those defined in [1, §4].

First note that the slicing theory in [4, §4.3] can be used to extend the inter-
section theory in [1, §4] to flat chains having finite mass.

Fix T € F(R"), M(T)< o, let U be a compact neighborhood of spt 7, and use
[4, 4.1.23] to obtain polyhedral chains T3, T,,... lying in U such that M(T)
<2M(T) and T, — T as i — 0. Fix u, € D°(R*~U), M(u,) <1, u, € D°[SO (n)],
M(u;) <1, and ¢ € D*+!-"(R"). Denoting intersection in the sense of [1] by N,
we use [1, 4.4(4) and 4.9] to conclude that whenever R>diam (U U spt u;),

T, Ny (z+g4B) = TNy [z+g¢(B N {x : [x| < R})]

for H*x H™ almost all (z, g) € (spt u;) x SO (n), hence by [1, 4.4(3)]
TN (z+gsB) =T, [z+gu(BN{x : |x| < R})]

for H™x H™ almost all (z, g) € (spt #,) x SO (n). Therefore, by [1, 4.4(2)]

A = T Ny (z+g4B)§)ur(2)ua(g) dH™ x H™(z, g) < 0,

R" x SO(n)

and Fubini’s theorem applies to give

A= f . Lo w [ 1 CHeB))u(2)us(g) dH"g dH"z.
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By [1, 4.4(4)] and 4.2(3) we have for H™ almost all z€ R*~ U,
(=T N (z+g4B) = T; N, (z+g4B)

for H™ almost all g € SO (n), where c=n(k+/)+kl. We use [1, 4.4(3), 4.4(2)]
and Fubini’s theorem to infer that

(=0 = tim [ [ T Gt g BYD((e) dH"g dHz
Now by 5.9(1) each of the inner integrals is not greater in absolute value than
le(1)2M(T)M () dist (spt uy, U)' ~*|uy(2)| H™[SO (n)],

hence by 4.2(2) we can apply Lebesgue’s dominated convergence theorem to
obtain

(- 14, =f f T O (z+g4B))us(2us(g) dH™g dH™z.
R™ Jso(n)

We therefore conclude that for H™ almost all z ¢ spt T,
(=1)TN(z+gsB) = TN, (z+g4B)

for H™ almost all g € SO (n).

Next suppose T lies in the image of E,(S"~!) under the map induced by the
inclusion of S®~1 in R". Orient S"~! so that for x € S™~%, x A(S™~)~(x) is posi-
tively oriented in R". Denote

B ' =Bn S

orient B’ so that for x € B’, x A B'~ is positively oriented in B. Then for H™ almost
all g € SO (n),

(—l)cTﬂg#B = —Tﬁg#B'

as defined in [1, §4] with X=8""1, G=SO (n).
In order to show this, we infer from [4, 4.1.23], [1, 4.4(3) and (4)], and 4.2(2)
and (3) that it is only necessary to show that for x € B’ and v € A, [T.(S™Y)],

(=DvNB” =—-vNy B,

where N, refers to use of the star operator in A, [T.(S™~')]. One verifies this
directly from the definitions of the star operators.

6. Boundaries of flat chains of finite mass.
6.1. LEMMA. Suppose S € F,. ,,(R"), M(S)<o0, and T, U € E,(R™) with
oS =T+ U, M(T) < oo,

and for some z € R,

(sptU)N(z+gB) = @
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Sor H™ almost all g € SO (n). Then
Yn—1,k,1-1)0S(p) = M(T)M(p) for ¢ € D(z2),
yi(n—1,k—1,1-1)oS(p) = M(T)M(p) for pc D*~(2) A dr,, k+1 > n.

Proof. Our proof was suggested by the proof of [3, 2.2].

We can assume z=0 ¢ (spt S) U (spt T).

Using local coordinates for the bundle % in conjunction with a suitable partition
of unity for R"~{0}, one applies [1, 3.3] to verify that

spt [0Lg(S)—Lag(T)] < C = p~Xspt U) N .
Choose hy, hg, . .. € E°(SO (n)) such that for j=1,2,...,
spt h; < SO (n) ~ g(C), 0=h =1,
and lim,_, ,, #(g)=1 for g € SO (n) ~q(C). Then for each j=1,2,...,
La(S) A g#(hjw)] = OLa(S) A qHhw) = La(T) A q#(hw),
because d(hw)=0 and
spt g#(h;w) N spt [0Lg(S)—La(T)] = o.

Now C’'=q ![q(C)] is closed and H™[g(C’)]=0, hence for H™ almost all
g €S0 (n), |<L&(S), q|P, g>|(C")=0, and therefore by [4, 4.3.2(2)],

[L&(S) A g*w|(C") = 0.

We apply Lebesgue’s dominated convergence theorem and [1, 3.5(2)] to obtain for
peEFH"N(D),

La(S)(q*w) A dp] = Lim La(S)(g%hjw) A di]
= lim La(T){(gh,a) A 4]
= La(T) N (® ~ C)(g%w) A ¥].
Congsider ¢ € D¥(0) and define E € D**+!~*(®) as in the proof of 5.3. Then from
[4, 4.3.2(1)], 3.6, 4.2(5) and 5.3 we have

(=1D)f[La(S) A gtw)(r"~' o pE) = (—1)‘f . KLa(S), q|®, g)(r*~' o pE) dH™g

SO(
= f 95 A gyB(r*lp N g~ y) dH™g
8S0(n)

= l(DH*(I)y*(n—1, k, I-1)2S(9),

where t=(k+I/—n)(m+1+1)+m. Finally, we conclude using 3.4(ii), 3.4(i), 5.2,
3.6 and 5.1 that this is equal to

(=D (La(T) A g#w) 0 (O ~ C)(r"~" o pE) < lu(YH*I)M(T)M (p).
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Verification of the inequality for ¢ € D¥~1(2) A dr,, k+1>n, is analogous.

6.2. THEOREM. Assume S € F,.,(R™), M(S)<o0, and z € R™.
(1) 8(n, k, NM(3S) < 4(]’;) VS(z) sup {|x—z| : x € spt IS} L.
(2) Under the hypothesis of 6.1,
8(n, k, DM(2S) < 4(Z)la(l)M(T).

(3) Suppose ||S|(r;¥)<oo, he E°(R"), pc EX(S*~ 1), M(h)<1 and M(p)<1.
Then

Y(n—1,k,n—k—1)S[d(h A pip)]
S 4V (D +y¥(n—1, k+ 1, n—k—2)"h(Z)M(dp)V5_, _1(2).
(V, indicates use of | planes; the second term is 0 if k+1=n.)

Proof. We can assume that z=0.
Consider # € E°(R™) such that #(0)=0. Corresponding to each j=1,2,... we
choose ¢;>0, 8;>0 and x; € R" such that

lim ¢, = ,lin:, 8, =0, |h(x;)| = sup {|h(x)] : |x|] £ 8§} = &,

X
and |x,|=38;. Using the mean value theorem, we see that we can®assume that
lim,_,  &;/8;=|dh(0)| and 2¢; 2 |dh(0)|3,. There exists n; € E°(R) such that

7(r) =0 for r = §;/j,
74(r) = (1=j")e;8;|dh(0)| for r 2 3,
0 = 74(r) £ 2|dn(0)|/e; for reR;
define h;=mn; o r. Then for 0#x € R",
0S k(<2 |dh®)] [hE)| < 2/dkO)],
11112 hy(x) =1, }_12: dhf(x) = 0.
Recalling from [4, 4.1.21] that ||S|{0}=0, we write o=h dx'1 A - - - A dx',
0S(hpo) = S(dh; A o)+ S(hy dpo),
and use Lebesgue’s dominated convergence theorem to conclude that
Jlim 85 (hspo) = 0 (po)-

It follows that 0S(@,)<2M(po)M[(2S).], hence for ¢e E¥(R"), ¢(0) = 0,
M(@p) <2,

25(s) < 4(;) M1(@S).].
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We obtain this relation for arbitrary ¢ with M(p)<1 by observing that 9S(p)
=08 [p—¢(0)]. (1) now follows from 5.9(1).

Since &(n, k, n—k)=0, we assume k+/>n for the proof of (2). Consider
¢ € D(R"~{0}), M(p)=<1. Using 5.4 to write p=¢, +¢, where ¢, € D¥(0) and
@2 € D¥~1(0) A dr, we apply 6.1 to ¢, and to ¢, to obtain 8(n, k, )0S(¢) < le(I)M(T).
Consequently, 8(n, k, )M[(8S),] < lo(I)M(T), whence follows (2).

Turning to (3), we choose h, for hy=h—h(0) and infer from 5.3 that since
lptel =r-¥,

(n—k)a(n—kyy2(n—1, k,n—k—1)S[d(h;h, A ptp)] < 4VE (0)
for j=1,2,.... As we found previously,
S[d(hho) A ptpl — S(dhy A p*p) = S(dh A pPp) as j— .

If k+1=n, then dp=0 and the proof is complete. On the other hand, if k+1<n,
then we use 5.7, 5.6 and [4, 4.1.21] and proceed as in the derivation of equation
(**) in the proof of 5.9 to infer that

[ K5~ o | dls| < M) [ 1p0S= ] 1S
< [(n—k—Da(n—k—1)2n—1, k+1, n—k—2)]"*M(dp)V5- . 1(0).

Consequently, Lebesgue’s dominated convergence theorem implies that if
VS_._1(0)<oo, then

S(hhe A dpe) — S(ho A dp?p) as j— o,
whence

(n—K)a(n—kyy*n—1,k,n~k—1)S[d(h A p*p)] < 4V ,(0)+|h(0)S(dpte)|,
and our assertion is clear.

6.3. THEOREM. Suppose S € F,.,(R™), M(S)< 0, and zy, . . ., 2 +2 € R" do not lie
on a k-plane. If either V(z)<oo or the hypothesis of 6.1 holds for z, for each
i=1,...,k+2, then

S € Ny +1(RM).

Proof. The proof was suggested by the proof of [6, 2.10]. Let p=dx" 1A ---
Adxte. It suffices to show that

M@OSAp)<oo forl £i)p < <ipSn.
Let I, denote the k-plane containing {z,, : k#j}. Observing that
{RP~1I,:j=1,...,k+2}

covers R", we choose a subordinate partition of unity e, ..., oo With II; N
spt «;= . Thus it is sufficient to show that

M@S A oap) <o forj=1,...,k+2.
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Consider, for instance, j=k+2. By 5.4 there exist Bi, ..., Bc+1 € E°(R"), spt B
Cspt oy 4 5, and g, € pf, [E¥(S™~1)] such that

k+1

Up+2P = 2 Bipi.
i=1

Thus it is sufficient to show that
M@OS A Bgp) <o fori=1,...,k+1.
Fix h € E°(R"), M(h)< 1. Then from 5.3 and 4.2 we infer that
l(lyy*(n—1, k, I-1)oS(hBip) < V?S(z)M(Bip,) sup {|x—z] : x € spt S}~
Moreover, if the hypothesis of 6.1 is satisfied, then
Yn—1,k, I-1)0S(hBip) = M(T)M(Bip)).

Therefore, M(0S A Bip,) < 0.

6.4. REMARK. Let S be a rectifiable k+ 1 current. If one of the following con-
ditions is satisfied, then M(9S) <o, hence S is an integral current by [4, 4.2.16]:

(1) The hypothesis of 6.3.

(2) k+I>n and for some z € R" either ¥%(z)<oo or the hypothesis of 6.1 is
satisfied.

Conversely, if M(8S)<oo, then from 5.9(1) it follows that V?(z)<oo for
z ¢ spt 0S.

7. VT for T a manifold. Let T e F,(R"), M(T) <0, be obtained by integration
over an oriented k& dimensional proper submanifold of class 1, which is also
denoted by T. Assume z € T.

7.1. THEOREM. |T||(r;**Y)=[rr;*** dH*<oo. Consequently, if k+I>n, then
by 5.9(1), V7(z) <oo.

Proof. This is easily verified by introducing a bi-Lipschitzian coordinate system
for T in a neighborhood of z.
For the remainder of this section we assume & +/=n.

7.2. LEMMA.
VT(0) = (n—k)a(n—k)y(n—l,k,n—k—l)flT"(x) A x| |x|-*-1 dH"x.

Proof. Recalling equation (**) in the proof of 5.9(3), we observe that for x#0,
lp#IT ()| = |T=(x) A x] [x]7*~1
7.3. ExaMPLE. Let n=2 and k=1. Whenever |¢| <3 define

g(®) = J: J: —[in|v|]]~* dHv dHu.
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Let T be the graph of the function F defined by
F(r) = g(t) sin (1/1),
oriented so that
T-(t, F(t)) = [1+F'()2]"Y2[ey + F'()e].
Then T is of class 1, but not of class 2, and by 7.2

FO_FO| gy — o
t

t2

VT(0) 2 f _

for sufficiently small positive numbers e.

7.4. THEOREM. Suppose there exist an open subset U<R*, a diffeomorphism
F: U— T with z € F(U), and constants A>0 and 0<a=<1 for which

| Fy(x)@) — Ff(»)(®)| < A|x—y|*
whenever x, y € U and |v| £ 1. Then V7(z) < co.

Proof. We can assume that z=0, that To(T) is spanned by ey, ..., . and, by
5.9(1), that T=F(U). Let P: R* — T4(T) be the orthogonal projection. It is easy
to see that the condition on Fy holds (with a different A) for (F o ¢)4 where g is a
Lipschitzian diffeomorphism of an open subset ¥ of R* onto U and

sup {lgs(x)®)| : x €V, |o] < 1} < co.
Thus we can assume that U=R* N {x : |x| <e},
F-'=pP,=P|IT
and the Jacobian J, P, >4. Observe that
o = sup {|Fu(x)(v)| : xe Uand |v| £ 1} < 0.
Then by 7.2 and the area formula [4, 3.2.3],
[(n—K)a(n—k)]~*V7(0)

< 2 [ IT-IFGI] A )| [FGO| 21|+ divx

-2 f ) J' |T~[F(t6)] A F(t6)| |F(:6)| -2 dH't dH*~18
sk-t Jo

=2 fsk_l f: |Fo(t) A Fy(t)| |Fo(t)| 2 dH t dH*~19,

where Fy(t)=F(t0). Thus fix § and observe that in evaluating the inner integral
we can assume that

Fi(t) = ter+9(2),
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where ¢(¢) involves only e, .1, ..., e, and ¢'(0)=0. It is a routine matter to verify
with the help of the mean value theorem that for 0<f<e,

|[Fo(t) A Fo(t)] |[Fo(t)| =2 < (L-+o)t ~2|gp(e)| + A2 ~?
[A+(1+0)n—k)AJr~,

IA

whence V'7(0) <oo.
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